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Turbulent and transitional flow heat transfer correlations for non-Newtonian fluids are pre-
sented. By means of an extension of the Reichardt-Metzner-Friend correlation to nonisothermal
flow, and a new definition of Prandtl number to account for deviations from Newtonian be-
havior, turbulent flow data are correlated to a standard deviation of 14.8%. By means of o
normalizing procedure, data for the complex case of transitional flow heat transfer to non-
Newtonian fluids are correlated to o standard deviation of 17.7%. At the transition region
boundaries, the correlation is consistent with laminar and turbulent flow correlations. A basic
similarity in the Newtonian and non-Newtonian heat transfer mechanisms is suggested.

A theoretical analogy by Reichardt (44) for heat trans-
fer in turbulent flow in pipes has been improved by Metz-
ner and W, L. Friend (17, 18) and has been extended to
non-Newtonian fluids by Metzner and P. S. Friend (36).
The correlation equation of Metzner and P. S. Friend has
the disadvantage of being restricted to nearly isothermal
flow heat transfer, since no allowance is made for the
effect of temperature profile on physical properties. In ad-
dition, it is empirically shown below that predictions of
the above correlation equation deviate increasingly from
experimental data on pseudoplastic fluids for increasing
deviations from Newtonian behavior. In the work below,
the correlation of Metzner and Friend is extended to the
case of highly nonisothermal flow, and it is shown that a
redefinition of the Prandtl number accounts for the effect
of increasingly non-Newtonian behavior.

There has been little success in correlating transitional
flow heat transfer data for non-Newtonian fluids (3, 9, 33,
34, 38, 54). The difficulty has been in accounting for the
change of heat transfer mechanism with flow rate, and in
defining variables which account for the local variation
of viscosity with both flow rate and radial position in the
pipe. In the presently reported research, a heat transfer
correlation for the transition region is developed by means
of a normalizing procedure. A variable, which is a func-
tion only of the Reynolds number, is derived to account
for the changing heat transfer mechanism in the transi-
tion region.

The discussion on non-Newtonian fluids will be limited
to the common types: pseudoplastic and Bingham plastic.
The shear stress-strain rate relationship for pseudoplastic
fluids is assumed to be represented approximately by the
equation

= K§" (1)
and for Bingham plastic fluids, by the equation

S (@)

The effect of deviations from Equation (1) may be re-
duced by the evaluation of n and K at the 7., in the range
of the variable to be considered; for example, (Nz.)w.
should be based upon the value of n at 7,,..
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TURBULENT FLOW CORRELATION

The correlation of Metzner and Friend (36) for non-
Newtonian fluids may be written as

(%)

N = p— ( ) (3)
1 " f [(Ner)w—1]
— + 118 —_——
b + 2 (Ne)o™

The form of Equation (3) was obtained by Metzner and
Friend from the theoretical work of Reichardt (44), who
derived a correlation for Newtonian fluids with the use of
the analogy between heat and momentum transfer. Reic-
hardt showed that the assumptions for his analogy were
valid for Nz.N:- > 2,500. Metzner and Friend extended
the Newtonian fluid correlation to the non-Newtonian
fluid case by defining the Prandtl number at the shear
stress conditions existing at the pipe wall.

Equation (3) is restricted to a low temperature differ-
ence driving force. Metzner and Friend (35) suggested
the use of the correction of Kreith and Summerfield (28),
(/@)™ or the correction of Sieder and Tate (47),
(pw/1)"™, to extend the Newtonian analog of Equation
(3) to the nonisothermal case. The heat transfer data for
water of this work (40) and Friend (16), plotted in Fig-
ure 1, are best correlated when the following quantities
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Fig. 1. Ratio of predicted to experimental turbuient flow hegt trans-
fer rate with different Prandt! number definitions.
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are used in Equation (3): (sw/ks)**, the Prandtl number
(Np.)s evaluated at the bulk fluid temperature, and the
friction factor f; that would be obtained if flow were iso-
thermal at the bulk fluid temperature. Substitution into
Equation (3) of the analogous quantities for non-New-
tonian fluids, (pew/pws)*”, (Ne,)ws and fi, results in the

equation
() (=)
2 0m MHwd

- l 71"1 [(NPr)wb - 1]
— + 11.8 \/ ——
bm 2 (Npr)un'

which should be the nonisothermal flow extension of

Equation (3) for both Newtonian and non-Newtonian

flow.

8t

Trend with Non-Newtonian Behavior

Equation (4) was tested with the turbulent and transi-
tional flow heat transfer data of Friend (16), Haines
(19), Raniere (43), and this work (40) taken with
pseudoplastic fluids, as shown in Figure 1 (fop). Some
transitional flow data, distinguished by having a flow rate
less than (10,000/2,100) times the critical flow rate, are
included in Figure 1, because insufficient fully turbulent
flow data are available at low values of n. These were
converted to turbulent flow conditions by dividing the N,
by an estimated ¢; factor. The ¢, factor is defined in the
Transitional Flow Correlation section. To minimize any
uncertainty in this procedure, only transitional flow data
with ¢, in the range 0.95 to 1.00 (a correction of less
than 6% in Ng,) were used.

The quantity f. was calculated from the measured fu:
by means of the non-Newtonian analog of the Sieder-Tate
(47) equation with the 1.02 factor omitted

fi=fn (Mww/ pon) % (5)

except in cases (I8) where f, was measured in an isother-
mal flow section in series with the test section.

It may be noted that there is a definite trend of the
data with n in Figure 1 (top). The arithmetical average
deviation of the data from the line (Ng:),r ¢;/(Nst)om
= 1is 4+ 11.99%, and the standard deviation is 21.7%.

Correction for Trend with Non-Newtonian Behavior

Compensation for the trend of the data with n is made
by an increase in the effective Prandtl number in Equa-
tion (4). Qualitatively, increasing the Prandtl number is
reasonable because the viscosity in the low shear rate
central region of the pipe, as n decreases, becomes in-
creasingly larger than the wall viscosity in the (Ne,)uws
used in Equation (4). Even though most of the heat
transfer resistance is near the wall, the use of (Np,)., in
Ec}uation (4) is not strictly correct and a slightly larger
value for the effective Prandtl number should be used for
n < 1.

A similar effect of higher viscosity in the central part
of the pipe is observed in the retardation of the onset of
turbulence in comparison with a Newtonian fluid. As
shown in Figure 6, the critical Reynolds number based
upon pes, (Nze)we, is greater than the 2,100 for New-
tonian fluids.

An effective viscosity p., larger than p.., may be de-
fined such that the critical Reynolds number is equal to
2,100 for non-Newtonian flow also.

(DUp/p.). = 2,100 (6)

Multiplication of the left side of Equation (8) by mws/pws
and substitution for the definition of (Ng.).. yield

Me = ,uwh[ (Nh‘e) 100/2’100] (7)
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It is proposed that the same u, that normalizes the
critical Keynolds number to 2,100 be used in the Prandtl
number definition to yield a Prandt! number more charac-
teristic of a non-Newtonian fluid. The resulting effective
Ng, is

Nl’r = (NPr)wh [(N}n)wc/29100] (8>

With the definition of N, given by Equation (8), the
final correlation for heat transfer to pseudoplastic fluids
in turbulent flow becomes

() ()"
2 01» wd
Ny = £ (pseudoplastic)

1 “fi [Ne—1]
= +11.8 \/7 TSR

(9)

A plot of f, is given in Figure 8. The variables Ny, Ng.,
b, bm, and (puw/pws) ** are evaluated by methods de-
veloped in the section on Calculation of Variables.

The analogous equation for Bingham plastic fluids is

G ()
TE.,.— + 11.8\/}; e 11

(NP,) 1/3
(Bingham plastic) (10)

St

The (N&.)w./2,100 factor is difficult to apply to the defi-
nition of N, for a Bingham plastic fluid where n is not
constant. The n near the wall is close to 1.0 for turbulent
flow of Bingham plastics, even for fluids with a large Na..
Since the equivalent of (Ne.)../2,100 would also be ap-
proximately 1.0, the Prandtl number in the turbulent re-
gion is taken as approximately

Ny, = (Np.),n (Bingham plastic) (11)

Equations (9) and (10) apply only for Nz > 10,000.
For Nz. = 2,100 to 10,000, Equation (24) for transitional
flow must be used.

Results and Discussion

The arithmetical average deviation of the data from
the predictions using the effective Ny, in place of (Nz,)ws
is + 1.2% for the data plotted in Figure 1 (bottom}, and
the standard deviation is 14.8%. The small average devi-
ation of the experimental data from the prediction of
Equation (9) and the reasonable standard deviation
justify the modified definition of N, given in Equation
(8).

A test of the Bingham plastic equation is not shown,
but it may be seen in Figure 5 that transitional flow data
near the turbulent region are adequately correlated by
means of Equation (10), which is represented by the
solid curve at Nz, = 10,000.

The treatment of the Friend-Haines-Raniere data used
in this work differed from that by Metzner and Friend
(36). In an effort to reduce the standard deviation of
these data, the following procedures were employed:

1. Transitional flow data points with large deviations
from turbulent flow conditions (¢; < 0.95) were not used.

2. All other transitional flow data points were corrected
to equivalent turbulent flow conditions with the ¢, factor.

3. A few sets of data with obvious inconsistencies were
not used.

4. A few minor corrections, such as for temperature
effects, were made.

The data of Farmer (15) were not used because of the
unavailability of a thesis. The data originally used by
Metzner and Friend were correlated by Equation (3)
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with a standard deviation of 23.5% (36). With all of the
differences in treatment listed above, the standard devia-
tion was reduced only to 22.6%. But the redefinition of
N;, resulted in the significant lowering of the standard
deviation to 16.2%.

EQUIPMENT AND CALIBRATIONS

The rheological data were measured by a 1/16-in. diameter
capillary tube viscometer with an L/D of 290 or by a rotary
viscometer with a 3-in. diameter cup and a 1/16-in. clearance.
Both instruments were calibrated with a 60% sucrose solution
and a Bureau of Standards oil. Shear stress—shear rate data,
given completely in reference 40, were taken at two tem-
peratures to find AH¥/R and at twice daily to allow linear
interpolation of the rheogram to account for an irreversible
decrease in viscosity due to heating and shearing.

The heat transfer data were taken in 1-, 13-, and 2-in.
standard copper pipe with 15-ft. calming sections followed by
successive 10-, 4%-, 2%-, and two l-ft-long heat transfer
sections, which allowed a wide variation in L/D. Heat trans-
fer rates were measured by weighing the condensate collected
over a timed interval. Heat balances, based upon the tempera-
ture rise and flow rate, were within an average of 7.7% of
those based upon the condensate rate. Pressure taps were
spaced at approximately 19-, 434-, 2%-, and 2-ft. intervals.
The wall temperature was measured with twelve to twenty-
two thermocouples embedded in each diameter pipe. Flow
rates were determined by diverting the fluid into a weigh
tank for a timed interval.

The heat transfer instruments were calibrated individually
where necessary. The adequacy of the equipment and pro-
cedures was checked by comparing experimental data on heat-
ing water with the Colburn (I1) correlation; good agreement
was obtained, as the standard deviation from the correlation
was 3.2% for eight data points. Pressure loss-low rate data
were taken by Hanks (20) for water flowing in the apparatus,
and good agreement with a standard friction factor correla-
tion (39) is shown by the standard deviation of 4.0% for
forty data points.

TRANSITIONAL FLOW CORRELATION

The mechanisms of flow and heat transfer change
throughout the transition region, which is usually con-
sidered to be limited to the Reynolds number range of
2,100 to 10,000 for Newtonian flow. The use of a con-
ventional correlation in the transition region, with dimen-
sionless groups raised to exponential powers, is difficult
due to the inconstancy of the exponents. The situation be-
comes much more complex when the dimensionless Reyn-
olds number and Prandtl number must be defined for non-
Newtonian fluids, which have viscosities varying not only
with flow rate but with radial position in the pipe.

It will be demonstrated that these phenomena can be
integrated into a transitional flow heat transfer correlation
by means of a normalizing procedure, which accounts for
the change of mechanism throughout the transition re-
gion. In this normalizing procedure, the following ratios
are employed:

1. ¢;, the ratio at a given flow rate in the transition
region, of the actual heat transfer rate to the heat transfer
rate that would be obtained if the fully developed turbu-
lent flow heat transfer mechanism existed.

2. ¢,., the foregoing ratio taken at the critical flow
rate, where the transition from laminar to turbulent flow
begins.

The normalizing procedure is to divide the logarithm of
¢; by the logarithm of ¢,. to form a parameter which is
postulated, subject to experimental proof, to be a function
only of the ratio between the given flow rate U (at which
¢, is determined), and the critical flow rate U, (at which
¢;. is determined) :

log ¢,/10g ¢;. = function of (U/U.) (12)
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Fig. 2. lilustration of the deviation of the transitional flow heat

transfer curve from the extrapolated turbulent flow line on a

log-log plot and a graphical representation of fog ¢; ond log
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The interpretation of log ¢, and log ¢, follows from
the proportionality between heat transfer rates and the
corresponding j factors. The quantities log &, and log ¢;.
are graphically illustrated in-Figure 2 as linear distances
of deviation of the transitional flow curve from the tur-
bulent flow curve on a log-log plot of § vs. Nx..

It is advantageous to relate the ratio log ¢,/log ¢,. to
Nz, rather than to U/U,; this is facilitated by defining
N Re AS

Nr. = 2,100 (U/U.) (13)
Equation (13) is readily related to the conventional Reyn-
olds number

Nr. = (DUp/p) (14)
Equation (14) is evaluated at the critical flow rate
2,100 = (DU.p/p) (15)

and Equation (15) is divided into Equation (14) to ob-
tain Equation (13).

It follows from Equations (12) and (13) that the ratio
log ¢;/log ¢;. is a function of Nz, as well as U/U,, and
the following definition is made:

é(Re) = (log ¢,/log ¢,.) (186)

The ¢(Re) function has the convenient boundary condi-
tions of ¢(Re) = 0 at Np, = 10,000, where the fully
developed turbulent flow heat transfer mechanism exists,
and ¢(Re) = 1 at Np, = 2,100.

The equation of the turbulent flow heat transfer curve
(the broken line in Figure 2) may be written

j =¥(Re)

Newtonian Fluid Correlation

(turbulent) (17)

For Newtonian fluids, Equation (17) is nearly a
straight line on a log-log plot of j vs. Nx.. With good ac-
curacy, $(Re) may be written as a function of the form

-~'( N )B (turbulent) (18)
]'—710 T(YO—O— urpulent)}

where 8 is the slope of the line on a log-log plot.
The equation of the transitional flow heat transfer curve
is by definition given by ¢; times the turbulent flow j of
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Equation (18):

T ( NB« )ﬁ t_’(‘ .. I

7= fu 10,000 ¢; (transitional) (19)
An expression for ¢, is obtained by rearranging Equation

(16)

& = (¢s)*"? (20)
It may be seen from Figure 2 that

(l’jc = (iv/ioz) (21)

The value of f.. is found by setting Nz, = 2,100 in Equa-
tion (18)
oo = 7(2,100,/10,000)* (22)

Substitution of Equations (20), (21), and (22) into (19)
yields the transitional flow equation for heat transfer to
Newtonian fluids:

. ( jc )@(Re) ( NR’ )ﬁ 10’000 )ﬁd’(Re) 23)
F= e 10,000 2,100 (

Equation (23) may be expressed in the equivalent form

8t —
[ G () (fnsmoy
L (Ne)w 10,000 2,100
(24)

since the factor (Np,)™ (pw/ps)*™ cancels out of all of
the § factors.

Determination of ¢(Re)

An expression for evaluating ¢(Re) from experimental
data is obtained by taking the log of Equation (24) and

by rearranging
[ (N&) (10,000 )"" ]
log
(Nﬂt):lo NRa
[ (N3.)» ( 10,000 )5 ]
log
(Ne)w \ 2,100 /
To find the shape of the ¢(Re) vs. Ni. curve, four sets of
Newtonian flow heat transfer data with different L/D
with the entire transition region well represented with
data points in each set were chosen from the literature
(10, 17, 37, 48). Values of (Ng). and (Ns.)w, found by
interpolation of experimental data, were used in Equation
(25) to calculate ¢(Re) for each (Ns, Nz.) data point.
The slope 8 was determined from a log-log plot of the
experimental turbulent flow values of j vs. Ni. The
computed values of ¢(Re) are plotted in Figure 3.

The curve in Figure 3 is the plot of an empirical, ana-
lytical expression for ¢(Re) in terms of Nj. derived from
a function f(Re), determined empirically by Kuznetsov
and Leonencke (30). They proposed correlating transi-

tional flow heat transfer data for Newtonian fluids by
means of the equation

Nyu = 0.021 (Nz.)s™® (No) 0" (/1) f(Re) (No,)™
(26)

$(Re) = (25)

The equation
Ny = 0.021 (N:.),* (Ne. )™ (po/p)™®  (27)

was used for the turbulent flow region. Equation (26)
was obtained by multiplying f(Re) times the right side
of Equation (27) to account for the effect of the varying
transitional flow mechanism on heat transfer and by multi-
plying (Ng.)* times the right side of Equation (27) to
account for the effect of free convection on heat transfer.

The f(Re) function, which is identical to ¢; by defini-
tion, was found (80) at N, = 1 and at a single unknown
value of L/D to be given by the empirical equation
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(Na, — 1,800)
(Nr. — 710)

The exponent X was determined (30) from data at vari-
ous values of N, to be given by

X = —0.167 log f(Re) (29)

The result of Kuznetsov and Leonencke, Equation
(28), is extended to the more general ¢(Re) function by
combining Equations (16) and (28) and by noting that
¢;. is determined at N, = 2,100.

(Nz. — 1,800) ]

(Nz. —710)
(2,100 — 1,800) ]

(2,100 — 710)

¢, = f(Re) = 1.188 (28)

Iog[ 1.133
$(Re) =

(30)
log[ 1.133

Simplification of Equation (30) yields the empirical equa-
tion
(N, — 710)

31
1.138  (Ng. — 1,800) ] (31)

#(Re) = 1.635 log [

which is the equation plotted in Figure 3. It might be
noted that ¢(Re) is postulated to be independent of L/D,
but the f(Re) of Kuznetsov and Leonencke definitely is
a function of L/D.

Discussion

The agreement of Equation (81) with the data in Fig-
ure 3 is very good; hence, Equation (31) may be used
to compute ¢(Re) for use in Equations (23) or (24).
The postulate that ¢(Re) is a function only of Ng. is
supported at least over the L/D range of 118 to 197. A
wider range of L/D is covered with the non-Newtonian
fluid data in Figure 4. Although Equation (28) is re-
stricted to a sing%e value of L/D, it appears that the L/D

1.2
®n=10 L/D=18 (10)
O n=I10 L/D=197 (37)
LO @n=10 L/D=121 (48)
@ n=10 L/D=159 (I7)
10
08 O
@
0.6
@ (Re) ®
04
02
0 ay
-02

4 5678900 15
NRex10™>

Fig. 3. A comparison of the ¢fRe) function of Equation (31) with
Newtonian fluid heat transfer data where Np, > 2.
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Fig. 4. A comparison of the ¢(Re) function of Equation (31) with
non-Newtonian fluid heat transfer data where (Npy)1o > 2.

dependence is adequately cancelled by means of the
é(Re) ratio formulated from Equation (28) and given
by Equation (31).

Some Newtonian fluid heat transfer data do not agree
with the ¢(Re) curve. Data for liquid metals (2, 25) ap-
parently disagree with Equation (31) due to the very
low Prandtl number. In the case of liquid metals, no dis-
continuity is observed in the heat transfer data at Nz, =
2,100, probably because heat transfer by molecular con-
duction is large compared to heat transfer by turbulence.
Also, data for air (6, 29) are not in good agreement with
Equation (31), because of the gradual transition to a
turbulent flow heat transfer mechanism observed in the
N, range of 2,100 to 5,000. Consequently, the correlation
for ¢(Re) is not considered applicable to gases or fluids
with N, less than about 2.

Non-Newtonian Fluid Correlation

The groups (Ng). and (Ns )y in Equation (24) for
Newtonian fluid heat transfer in transitional flow are con-
stants for a given system, including non-Newtonian fluids.
The Ns: is a function of Ny, (and ¢(Re)) and B, which
is a function of n, Ny., and Ng. To utilize conveniently
Equation (24) for non-Newtonian fluids, it will be as-
sumed that B is a sufficiently weak function of N:. in
order to consider 8 independent of N;.. Calculations have
shown that the error in the assumption of 8 independent
of Nz, is minimized if 8 is evaluated at N, = 7,000 and
(N».),. The error does not exceed about 8% in Ny, for n
as low as 0.2. Therefore, the relation

B = B: = function of n, (N».): and (Nz.). (32)

will be used for non-Newtonian fluids.

The applicability of Equation (24) to non-Newtonian
fluids will be tested with the data of Friend (16, 36),
Haines {(79). Raniere (43), and this work (40) on pseu-
doplastic fluids and of Thomas (51, 52) on approximate
Bingham plastic fluids.
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The quantities U., (Nz¢)wos (Nat)oy (Nst)u, and B that
are required to calculate Nz, and ¢(Re) from Equations
(13) and (25), respectively, could be found by interpo-
lation or extrapolation of the experimental data as was
done for the Newtonian fluid data presented in Figure 3.
But the limited number of data points in some sets of
data made this empirical determination unreliable. It was
therefore decided to put the ¢(Re) function to a stronger
test and to calculate U., (Ngo)we, (Nst)or (Nst)w, and 8
from the known fluid physical properties by empirical
methods given in the sections on Calculation of Variables.
However, experimental values of f, were used, as they
were available,

The ¢(Re) data are plotted in Figure 4. A study of
the data in Figure 4 shows no dependence of the ¢(Re)
function on L/D, n, or Na.. Consequently, ¢(Re) is not
a function of the geometry of the system or the type of
fluid—Newtonian, pseudoplastic, or Bingham plastic. The
¢(Re) function is evidently dependent only upon the Nz,
defined by Equation (13).

In Figure 4, the data approach ¢(Re) = 0 as Nz. ap-
proaches 10,000, and the condition at which ¢(Re) = 0
is by definition the turbulent flow end of the transition
region. The laminar flow limit of ¢(Re) = 1 as N», ap-
proaches 2,100 is similarly approached by the data. There-
fore, a given numerical value of N;. defined by Equation
(18) has a similar meaning for Newtonian and non-New-
tonian fluids, and a basic similarity in heat transfer mech-
anism at a given Nj, in the transition region is implied.

The apparently large scatter of the data in Figure 4 is
a result of normal experimental error, and the errors in the
calculation of U., (Nz.)wo, (Na:)e, (Nst)w, and B; quan-
tities which are required to calculate ¢(Re) and Ni..
With all the errors accumulated in the exponent ¢(Re),
the scatter appears large. However, it is significant that
the scatter is random with respect to L/D, n, and Na..
Furthermore, the final test of the scatter is made best by
comparison of experimental Ny, or § factors with the cor-
responding quantities calculated from Equations (23) or
(24) using the same data presented in Figure 4. This test
is given in the section below where the experimental data
are plotted on conventional §j factor vs. Nz, coordinates.
The j factor is arbitrarily defined for illustrative purposes
as

i = (Nst) (Npr)joz/a (#ww/‘uwb)o.w (33)
for pseudoplastic fluids and
ji= (Ns:) (Np)p™ ("lw/"lb)o'm (34)

for Bingham plastic fluids. The j factor definition does not
have fundamental significance in the correlation, because
all but the Ny, factor cancel out of Equation (33) or (34)
when used in the correlation, Equation (23).
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Fig. 5. Comparison of experimental data with the predictions of the
equation for transitional flow heat transfer, Equation (23).
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Final Test of the Non-Newtonion Corrclation

Equation (23) represents a unique curve for each dif-
ferent non-Newtonian fluid on § factor vs. N, coordinates.
The calculated curves are plotted in Figure 5 for one-half
(to conserve space) of the fluids studied; the curves for
the other fluids are given in reference 40. Experimental
data points are plotted for comparison with tEe curves,
The standard deviation between all the experimental data
and calculated curves is 17.7% and the average deviation
is + 0.7% for one hundred and seventy data points. Since
the standard deviation of 17.7% is reasonable for heat
transfer data, particularly in the transition region, it is
concluded that the scatter in the ¢(Re) vs. Ni, plot is
also reasonable. The small average deviation confirms that
there is no bias in the correlation.

Discussion

The agreement between the data and the transitional
flow heat transfer correlation is considered good. A wide
range of variables was covered: n = 0.43 to 1.00 for
gseudoplastic fluids, Ny, = 4 X 10'to 6 X 10° for Bing-

am plastic fluids, D = 5/16 to 2 in., L/D = 58 to 378,
(Nes)w = 7.5 to 187, Np, = 2,100 to 10,000, and
(Bww/mes) ™ = 0.90 to 1.00.

The ¢(Re) function, with a properly defined Reynolds
number, has been shown to account for the effect of
change of heat transfer mechanism in transitional flow.
The ¢(Re) function is evidently independent of L/D at
least for L/D > 60, of non-Newtonian properties for pseu-
doplastic and Bingham plastic fluids, and of (N.,). for
(N Pr)m > 2.

The success of the ¢(Re) function implies a basic simi-
larity in transitional flow heat transfer mechanisms be-
tween Newtonian and non-Newtonian fluids. The most
important corollaries of the proven ¢(Re) function are:

1. A Reynolds number linear in flow rate is unexpect-
edly required to correlate transitional flow heat transfer
data for non-Newtonian fluids.

2. The transition from laminar to fully developed tur-
bulent flow extends over the same range of flow rates for
both Newtonian and non-Newtonian fluids.

3. A given value of Reynolds number in the range of
2,100 to 10,000 has the same significance in regard to
transitional flow heat transfer mechanisms whether the
fluid is Newtonian or non-Newtonian.

CALCULATION OF VARIABLES—PSEUDOPLASTIC FLUIDS

In order to use the previously developed correlations
for turbulent or for transitional flow to predict heat trans-
fer rates, one must calculate pertinent variables from the
properties of non-Newtonian fluids. Equations are derived
below to calculate these variables.

The rheological data for pseudoplastic fluids are com-
monly given as a log-log plot of 7., vs. S, from a rotary
viscometer or of 7, vs. %41‘) from a capi]lar{; viscometer.
If n and K are constants, Equation (1) may be integrated

to obtain
1 n
o =K ( 8n + ) (4r)" (35)
4n

Comparison of Equation (35) with (1) at + = 7, and §
= S, leads to

Se=

(Sn +1 (36)

4n ) (4r)

which was also developed by Rabinowitsch (42). Equa-
tion (36) readily allows r, vs. S, data to be expressed as
T VS. (47).
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A common alternate way to express Equation (1) is

e = K’ (41)™ (87)
Comparison of Equation (37) with (35) yields
K’=K(3n+1) (38)
4n
and
n=mn (39)

where n and K are independent of ...

The effect of temperature on rheological data may be
determined (11) from the definition

AHT [ oln$

R L3/m ] (40)

The AH*/R is evaluated at constant r. at two tempera-
tures from finite differences of Equation (40):

IN: (Tl T,) (S)
= In{ =2
R T.— T, 3

1

(41)

From Equation (41) and the definition of viscosity the
correction factor is obtained:

-0.10 agt Tw=T»)
( Hoo ) =g E T, Ty

HPwb

(42)

Ue¢, twe, (NRe)we, and (Npr)e

The critical flow rate for pseudoplastic fluids may be
obtained from the theory of Ryan and Johnson (26, 45)
as generalized by Hanks (22, 23). The theory states that
the maximum value (at the radius of least stable flow) of
the stability parameter

o (-F)
T S (e 43
2 (dp/dz) dr “
9,000
FLUID REF.
o CARBOPOL
8,000| o cmc
® ROCK SLURRY (54)
o CARBOPOL (13)
7,000{ ¢ ATTAGEL CLAY (13)
© CMC (13)
e CMC (26)
6,000 /
5,000 8
J
4,000 E
[0] o
3,000 NI ﬁ:’
2,000 £
1.0 08 06 04 02 0

n

Fig. 6. Comparison of experimental data for (Nre)we with a plot of
Equation (51).
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should be the same at the critical flow rate for pseudoplas-
tic fluids as it is for Newtonian fluids:

7' = 404 (44)

Equation (43) may be evaluated at the maximum value
of Z’ by the condition that (dZ’/dr) = 0. The result for
pseudoplastic fluids that follow Equation (1) is (26)

_pD*(4r.)” (8n 4+ 1)°

1 )'nﬁ
45
128¢.Zn  n ( P (45)

Equation (45) may also be written (20) in the form

Twe

f‘c

1 (8n+1)° ( 1 )_
Z’ n n+ 2
by means of Equations (48) and (62).

The critical velocity U, may be obtained by substitu-
tion of 7,, from Equation (35) evaluated at the critical
flow rate into Equation (45):

(46)

- { 2 gKZw (n+2) ™ |
T (Bn+1) oD" n

(47)
The value of
D(4r.)

8
may also be obtained as the intersection of Equation
(45) with a log 7, vs. log (4T) plot of tube viscometer
data.

The expression for (Nrz.)w. is obtained from the defini-

tions
(lec) we = (DUc P/ﬂwc)

U, = (48)

(49)

and )
Mo e E(gu Twc/ch) (50)
and from Equations (1), (85), and (45); the result is

(n + 2)™
(8n + 1)

Equation (51) is plotted as the solid line in Figure 6,
and data Fomts are glven for comparison.

The value of (Ns.). is readily obtained from the defini-
tion

(Nxa)uuy: 4Z’m (51)

(Ner)o = (Coppwe/k) [(Nro)we/2,100]

{(Nst)e, (NG2)e, put, and (L/D)

The Stanton number at the critical flow rate may be ob-
tained from a laminar flow correlation for heat transfer.
The preferred laminar flow correlation is given by Chris-
tiansen and Craig (7). The correlation accounts for the
effects of temperature profile and pseudoplastic fluid
properties upon the heat transfer rate. It was found (7)
that two parameters, y(H) = AH*/R(1/T, — 1/T,) and
n, were required on a log-log plot of Ny, vs. Ne.. For
convenience, the correlation of Christiansen and Craig for
heating is replotted in Figure 7 with ¢.r in place of Ny,.
Data tor computation of the ¢.r for cooling, where ¢(H)
is negative, are available for power law fluids (50). The
factor ¢.r is the multiplier required in the simple Levéque
(31) equation to make it agree with the correlation of
Christiansen and Craig. The modified equation obtained
with the ¢nr multiplier is

(52)

(ge) () =1ms(5)" (F2)"
(53)
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Fig. 7. Plot of the ¢nr factor of Equation (54) for lominar flow
heat transfer.

Evaluation of x in Equation (53) at the wall and critical
flow rate conditions followed with the substitution of
Equation (52), yields

0.0108 ur

(Nat)o = (L/D)* (N,,).*

(54)

The critical Graetz number is obtained from the definition

«DpC,U,
Nas)o = bl 2 55
(Ne:) 1% (L/D) (55)
10-2
\
"y T
] T
\ \,\\ ]
T i
\\\\\\\ - ~~.n=10 _|
RV Rt . ——
\ \\\\ L S~—_ \.0\9‘
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Fig. 8. Plot of #; for turbulent flow.
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A value of (L/D) must often be assumed for use in
Equations (54) and (55). The assumed value may be
checked from the calculated value of U, by the expression

PC,Uc(t2_t1) ( NR! )
L/D =
/ 4U, At, 2,100 (56)
derived from the familiar equations
qg = U,A AL, (57)
and
g=WC,(t.—t) (58)

110, Twio, and (Npr)1p

Friction factor data for non-Newtonian fluids in turbu-
lent flow were correlated by Dodge (13, 14) with the

equation
Dn’ Uz-n' =b,
fo=a (TL)
8" g.K

Substitution of Equations (13), (38), and (39) into
(59) yields

[D"UcMP ( NR« )M ( 4n )” ]—b"
“L8" gk \2,100 3n 1

(60)

(59)

fo=

Substitution of Equation (47) into (60) yields

”+2 ~by
4n 2 (n + 2)?.3 } ( N-:. -@-n)b,
fo=an [ 3n+ 1 n 2,100

(61)

A plot of f, is given in Figure 8, where f, is the value
of f. at N, = 10,000. The a, and b, functions were given
by -Dodge (13, 14).

The definition of friction factor is

_ fwU®
=

(62)

Tw

To obtain r,, at any N., Equation (13) is substituted into

Equation (62):
_ fiPUoz( NRa )2
- 2g. \ 2,100

Tw (63)

The quantity rui. is found from Equation (63) evalu-
ated at f,,, and Nz, = 10,000.

The quantity (Ny,), is found from the definition

(Nrr)wo = (Copwro/k) [(Nm)wc/2,100] (64)

where

Pwie = Zo Twlu/swlo (65)

Bi=

The ratio of S, is obtained from Equation (1):

Swo _ ( Twe )" 67)
Sw B Tw (
From the definition of Np,
NPr Tw .wo
(NPr)c S“7 Twe ( )

Substitution of Equations (66) and (67) into (68) yields

v . [ 2 (BRY]T ey
At Nz, = 10,000 ]
- [ GRT

The right side of Equation (70) is a function of n only.
The fi, is calculated from Equation (46) and the f., is
taken from Figure 8.

(Nsd1o, B7, ¢m, and 0,

The quantity (Ng )., is calculated from Equation (9)
evaluated at N, = 10,000:

( fuo ) ( Mww )_0‘10
20:» Fwdv

T T (a1

e + 11.8 \/T W

An expression for 8; may be found by evaluating
B = (dlogj/dlog N».) (72)

at Nz, = 7,000. Equations (9) and (33) are substituted
into Equation (72), and the derivative is taken to yield
an expression containing (df./dNz.) and (dN./dN:.).
The derivative

(a) =7 -

is found from Equation (61). The derivative

<Edzzvi§) :Z( n;1 ) [(n—2) b, + 2]
(74)

is found from Equations (7), (8), (47), and (63).

When (df./dNz.) and (dN»,/dNz,) are eliminated by
means of Equations (73) and (74), and the condition of
Ny, = 7,000 is imposed, the expression for 8; becomes

2) b (73)

n

oot [+ 5 VE St ] V() oo e [ 2

[;—m +11.8 \/g -————(NZ‘\’]'P;I) ]

The value of S.. is obtained from viscometer data at 7.1
and at t,.

An alternate equation for calculating (N»,). is derived
below for n = constant. The ratio of =, is obtained from

Equation (63):
Tw ft NR- )’

Tee  f1. \ 2100

Twe n fw

(66)
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NpRe=1,000

(75)

For convenience in calculations, B, is plotted in Figure 9.

The ¢, factor is based upon the correlation of Dodge
and Metzner (14) for velocity distribution.

o Tw R -
Um — 1 = —5.660 n®® g7 log (76)
B R

From Equation (76), it may be shown that
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Fig. 9. Plot of 87 for transitional flow heat transfer.

1
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The ¢ factor is tabulated in Table 1.

The 6., factor is obtained from the calculations of Reic-
hardt (44) for Newtonian fluids and is listed in Table 2.
The extension of . to non-Newtonian fluids is made ap-
proximately by the use of Equation (13) for the Reynolds
number and Equation (8) for the Prandtl number.

(77)

CALCULATION OF VARIABLES—BINGHAM PLASTIC
FLUIDS

The rheological constants # and 7, may be evaluated
from Equation (2) for rotary viscometer data or from the
integrated form of Equation (2) for capillary viscometer

data:
e = T,[i—i(l’-y ] + glc (4r)  (78)

3 3 N1y

The slope on linear coordinates of the r. vs. S, curve is
n/g. and the intercept at S,, = 0 is 7,. At large values of
7w, Where (7,/7,)* << 4, the slope on linear coordinates
of the 7, vs. (4T') curve is n/g. and the tangent extrapo-
lated to (4I') = O intercepts at 4r,/3.

U, (NRe)nc, and (Np,)c

The prediction of the critical Reynolds number by the
stability criterion of Equation (43) for fluid behavior de-
scribed by Equation (2) may be shown to be given by
the simultaneous solution of the equations.

(NRe)nv = 3\/§ Z'm
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TABLE 1. ¢m FacTOR

n 1.0 0.8 0.6 04 0.2
Nz,
1x 10 0.81 0.84 0.86 0.89 0.92
3 X 10 0.83 0.86 0.88 0.91 0.94
1 x 10° 0.85 0.88 0.91 0.93 0.96
3 x 10° 0.87 0.90 0.92 0.95 0.97

TABLE 2. 6 FAcTOR

Np, 1 3 10 30 100
Nko

10* 0.84 0.90 0.95 0.97 0.99

10° 0.86 0.91 0.95 0.98 0.99

10° 0.88 0.92 0.95 0.98 0.99
and

e N [J
a z (80)

(1—a,)® 24v/3 Z'm

A plot of the solution of Equations (79) and (80) is
shown in Figure 10 in comparison to experimental data
points. Agreement between theory and experimental data
at high Ny, is not good. But an empirical curve is drawn
through the data points to have an approximate means to
predict (Nz.).. as a function of Ng..

The reason for the lack of agreement at high values of
Npg, is that the simple Equation (2) does not accurately
represent the rheological data (4, 8, 23) of real fluids. If
an accurate value of (Naz,),. is required, either a %raphi-
cal procedure must be used (4) or a better rheological
equation, such as the Powell-Eyring equation (46), must
be used (23).

The critical velocity is given from the definition of
(N Rﬂ)'fm

U,= (Nke)nc WD/DP

where (Ng.),. is evaluated from Figure 10.

(81)

For convenience, (N;,). will be arbitrarily defined as
(Ne.)o = (C, m/k) [(Nz.)s/2,100] (82)

(Nst)e and ¢yer
The analog of Equation (53) for Bingham plastic fluids

is
(cfc) ( c;:n ) =175 (-[L,—) ( Df,] ’ )% $uer
(83)

By substituting (N»,). from Equation (82) into Equation
(83), one obtains

i i
FLUID REF. E
5 |
9% | o THORM OXIDE SLURRY &N t
© TENNESSEE BALL CLAY SLURRY (5) i 1
@ ILLINOIS YELLOW CLAY SLURRY (5} 1 i
© SEWAGE SLUDGE (5) I O EMPIRICAL 171
© SEWAGE SLUDGE 40 b t
® SEWAGE SLUDGE 3 - PREDICTED
‘ ©  LIME SLURRY (49) |4 H- |
{NRedac ®  LIME SLURRY wo s 1417 ’ 1 ;
104 S i ; TS Es
e = %
{ L o 1
] °
T v ;
I L H—1 ;
i Ti | | |
i !
- ] l L il

103
102 103 104 10% 108 w07

Fig. 10. Comparison of experimental data, the empirical curve, and
the solution of Equations (79) and (80) for (Nre)ne.
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The factor ¢u,r is given in Figure 11 as a function of
7y/Tw, based upon the heat transfer calculations of Jensen
(24) for the Bingham plastic model. At the critical flow
rate, 7,/7, = 0.5 corresponds to Nz, = 8 X 10* and
7y/Te = 0.7 corresponds to Nz, = 6 X 10°. The recipro-
cal of the ¢u.r obtained for the positive value of the same
numerical ¢(H) may be taken as an approximation for
$uer for cooling.

(Nﬂf)v =

(84)

fi10 and (Npy)1o

Friction factors for Bingham plastic fluids may be found
by the empirical method of Thomas (52) used on thorium
oxide suspensions. Transitional and turbulent flow friction
factors were correlated with the Blasius (27) relationship.

10000 (o). T* (89)

10 = Bx [
fe 2,100

The value of (N:.)y is found by evaluation of Equa-
tion (11) at Nz, = 10,000:
(pr)m = (NPr)nb (90)

{Nst)io, B, ¢m and 01

The quantity (Ng ) is calculated from Equation (10)
evaluated at N, = 10,000:

w) (2)
Far [(Ne)w—11
(Ner)u

(Nst)m= (91)

1
—+ 11.8
D + 2

The exponent B is taken from Figure 10 at n = 1.0,

fi = B, [DUp/9]7"° (85) since a Bingham plastic fluid is almost Newtonian at N,
where the constants are given by the expressions = 10,000.
The ¢., factor is taken from Table 1 at n = 1.0. The
1 B, = 0.079 (x,/79)** (86) 8.. factor is given in Table 2.
an
b =025 (p./9)°*" 87
_ {pu/ ) B7) Summary
Equation (85) is also conveniently written as
N > The correlations now available for predicting heat trans-
fi = B1[ Nm_(_"')_”"] (88)  fer rates to pseudoplastic and Bingham plastic non-New-
2,100 tonian fluids in circular pipes and their limitations are:
Typical standard
Type of flow Nz, range Restrictions Equations deviations
Laminar <2,100 Free convecton negligible (53) or (83) —
Transitional 2,100 to 10,000 (Nre)1o> 2 (23) or (24) 17.7%
Turbulent >10,000 Nzo(Nrs )10 > 2,500 {9) or (10) 14.8%

The factor fix, is found by evaluation of Equation (88) at
Nz, = 10,000.

3 Ty b
\V(H) = @ L rf p%
3
- 3 >
// N 141
/ r rd 4
/ // q // 4‘4V
2 v - }
/ ",’ /V _ 2 3 B
4+ 11 . L~ i /:‘AT Li
~-T T~ o L1 /)/(‘—
HeT Lww === "._.—‘,. ":;; |
dor o e T
B — [ 0
//w',—*"'/ -L___"'—— F:‘_ L 9
: "—:::J — =} - Ot T
-~ 0
|
Ty/Tw Ny AT Uc
- 05 8x10
--- 07 6x10°
0 2
10 |03 |04 |05
NGz

Fig. 11. Plot of the ¢n.r factor of Equation (83) for laminar flow
heat transfer.
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The heat transfer correlations require only known data:
the physical properties of the fluid including rheological
data, and the geometrical constants of the system. All
other data used in the correlation may be calculated from
theory or from empirical equations as presented in the
sections on Calculation of Variables. Several graphs and
tables are included for more rapid evaluation of some
variables. For assistance in numerical use of the methods
suggested in this paper, a sample calculation for a practi-
cal problem is available.®
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NOTATION

A = surface area, sq. ft.

b = exponent defined by Equation (87), dimension-
less

B, = exponent defined by Equation (86), dimension-
less

C, = heat capacity at t,, B.tu./(Ib.) (°F.)

D = pipe diameter, ft.

f = Fanning friction factor, (2g. 7./pU")
f(Re) = function defined by Equation (28), dimension-
less
® Deposited as document 8651 with the American Documentation In-
stitute, Photoduplication Service, Library of Congress, Washington 25,

]ﬁ)l. C., and may be obtained for $1.25 for photoprints or 35-mm. micro-
m.
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X8 QR NT RO

N\N

conversion factor, 32.17 (lb.n) (ft.)/(1b.,) (sec.?)
mass flow rate, Ib./(sec.) (sq. ft.) )
l(leat transfer coeflicient, B.t.u./(sec.) (sq. ft.)
°F.)
i factor, (Ns,} (Nor)w® (paew/pw) ™™,
(NSI) (Nl'r)m-‘/n ("lw/"lh)o‘w:
or (Ns;) (Np)™ (pe/pa)**
thermal conductivity at ¢,, B.t.u./ (sec.) (ft.) (°F.)
consistency index, (Ib.) (sec.”)/(sq. ft.)
consistency index, (Ib.) (sec.")/(sq. ft.)
pipe length, ft.
flow behavior index, dimensionless
flow behavior index, dimensionless
Graetz number, (wC,/kL)
Grashof number, (Dp’gBAt/y’)
Hedstrom number, (pD'r,/g.u°)
Nusselt number, (hD/k)
Prandt] number, (C,u/k), (Cuws/k) [(Nie)wo/
2100] or (C,mw/k)
= Prandtl number, (C,u.:/k)
= Prandtl number, (C,7./k)
= Reynolds number, 2,100 (U/U.) or (DUp/us)
= critical Reynolds number, (DUp/pus).
= critical Reynolds number, (DUp/%.),
Stanton number, (h/C,G)
pressure, Ib./sq. ft.
heat transfer rate, B.t.u./sec.
volumetric flow rate, cu. ft./sec.
radial distance, ft.
pipe radius, ft.
shear rate —(du/dr), sec.™
temperature, °F.
absolute temperature, °R.
point velocity, ft./sec.
mean velocity, ft./sec.
overall heat transfer coefficient, B.t.u./(sec.) (sq.
ft.) (°F.)
weight flow rate, 1b./sec.
fxponent defined by Equation (29), dimension-
ess
axial distance along pipe, ft.
stability parameter defined by Equation (43), di-
mensionless

T T T /O

[ I O |

Greek Letters

«

8

R
-".

\

-

4’!-:
b
¢He1’

¢n1’

ratio, (r,/7.), dimensionless
slope of the turbulent flow heat transfer curve
flow function, (Q/#R.*), sec.™

= constant defined by Equation (40), °R.™
overall temperature difference, °F.

coefficient of rigidity, Ib./ (sec.) (ft.)

ratio of mean to maximum temperature difference
viscosity, 1b./(sec.) (ft.)

density at ¢, Ib./cu. ft.

shear stress, 1b./sq. ft.

ratio, at a given flow rate in the transition region,
of the actual heat transfer rate to the heat trans-
fer rate that would be obtained if the fully de-
veloped turbulent flow heat transfer mechanism
existed

value of ¢, at critical flow rate (N.. = 2,100)
ratio of mean to maximum velocity, (U/u.)
laminar flow heat transfer correction factor for
Bingham plastics, dimensionless

= laminar flow heat transfer correction factor for
pseudoplastics, dimensionless

i

T T

[

#(Re) = function of Reynolds number, (log ¢;/log ¢,.),

dimensionless

¢(H) = laminar flow parameter, AH */R(1/Tia—1/T.),

dimensionless

¥(Re) = turbulent flow heat transfer function, dimension-
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less

Subscripts

b = at the bulk fluid temperature

c = at the critical flow rate

e = effective

em = empirical

ex = turbulent flow function extrapolated to conditions
at the critical flow rate

i = evaluated as if flow were isothermal at the bulk
fluid temperature

in = inlet

i10 = evaluated as if flow were isothermal at the bulk
fluid temperature and N, = 10,000

m = maximum

ni = nonisothermal

pr = predicted

s = suspending medium for a slu

w = at the wall temperature or wall shear stress

wb = at the wall shear stress and bulk fluid tempera-
ture

we = at the wall shear stress and critical flow rate

ww = at the wall shear stress and wall temperature

wl0 = at the wall shear stress and N, = 10,000

y = yield

1 = at temperature 1

2 = at temperature 2

7 = evaluated at N, = 7,000

10 = evaluated at N;. = 10,000

nb = for a Bingham plastic fluid at the bulk fluid tem-
perature

mc = for a Bingham plastic fluid at the critical flow
rate
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Dynamic Characteristics of Perforated
Distillation Plates Operating at Low Loads

B. K. C. CHAN and R. G. H. PRINCE
University of Sydney, Sydney, Australia

Analysis of the equations describing the instantaneous vapor and liquid flow through the holes
of perforated distillation plates at low loads shows that periodic and stable pressure oscillations
will always be set up between plates. These oscillations are expected to have amplitudes of the
order of 0.1 in. of water and frequencies of a few cycles per second, values which are in accord
with observation and which may be used as the basis for a model from which the seol point

of the plates may be predicted.

In a recent paper (11) the authors have discussed the
prediction of the “seal point” of perforated distillation
plates (such as the plate illustrated in Figures 1 and 2 of
reference 11) which they take as corresponding to the
minimum load of these plates. They have defined the seal
point as the vapor rate required to just maintain the lig-
uid level on a plate at the weir height, for a given rate of
liquid supplied to the plate. This point is then to be dis-
tinguished from the “weep point,” generally defined as
the vapor rate required to prevent any liquid from flow-
ing (“weeping”) through the plate perforations.

At the seal point all liquid fed to the plate weeps
through the perforations. An increase in vapor rate leads
to a decreasing proportion of the total liquid flow weep-

R. G. H. Prince is with the University of Queensland, St. Lucia,
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ing (until the weep 1point is attained), while a decrease
in the vapor rate will lead to a rapid decrease in liquid
height on the plate, that is, the liquid seal on the plate
will be lost. The points may be identified on a plot of
vapor pressure drop against vapor rate for a fixed liquid
rate (or fixed ratio, liquid:vapor) (a typical plot is shown
in Figure 1). At A no liquid seal exists on the plate; B
corresponds to the seal point and a higher vapor rate; C
is the weep point.

The region between the seal point and the weep point
may be referred to as the “weeping range.” The overall
pressure drop shows little or no increase over this range.
Beyond the weep point, however, each hole must carry
an increasing vapor load; hence the pressure drop will in-
crease more rapidly. In the weeping range, the overall
mass transfer efficiency will be reasonable, unless a high
proportion of liquid weeps through a plate on which the
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